In the preceding paper, we have constructed a compactly generated model structure on the category D of diffeological spaces together with the adjoint pairs | |D :
Introduction
Let S and C 0 denote the category of simplicial sets and that of arc-generated spaces, respectively; recall that a topological space X is called arc-generated if the topology of X is final for C 0 X := {continuous curves from R to X}. In the preceding paper [19] , we have constructed a compactly generated model structure on the category D of diffeological spaces, introducing the adjoint pairs
whose composite is just the adjoint pair | | : S ⇄ C 0 : S of the topological realization and singular functors (see Section 2).
In the following theorem, which is the main result of this paper, we establish the Quillen equivalences between the model categories S, D, and C 0 via (| | D , S D ) and (·, R). See [23, 15] for model categories and Quillen equivalences, [18, 12, 23] for the model structure of S, and Remark 2.12 for the model structure of C 0 . (2)· : D ⇄ C 0 : R is a pair of Quillen equivalences.
Theorem 1.3 in [19] , which is recorded as Theorem 2.8 in this paper, and Theorem 1.1 are the central organizational theorems in smooth homotopy theory. For the proof of Theorem 1.1, we develope the theory of singular homology for diffeological spaces, which is naturally isomorphic to Hector's singular homology [14] and Iglesias-Zemmour's cubic homology [17, 6.61] .
Since every diffeological space is fibrant, the class W D of diffeological spaces having the D-homotopy type of a cofibrant object is important from the homotopical point of view. We thus study diffeological spaces in W D and ones not in W D using Theorem 1.1. Our study sheds new light on Christensen-Wu's comparison of the smooth and topological fundemental groups ([5, Examples 3.12 and 3.20]).
Though Theorem 1.1 shows that the Quillen homotopy categories of D and C 0 are equivalent via the derived functors of· and R, it does not ensure that S D D(X, Y ) is homotopy equivalent to SC 0 (X,Ỹ ) for X, Y ∈ D. For important diffeological spaces such as infinite dimensional C ∞ -manifolds, to find a sufficient condition under which these two complexes are homotopy equivalent is a much more subtle problem which is closely related to geometry. We will address this problem in the succeeding paper. The notions introduced to study diffeological spaces having the D-homotopy type of a cofibrant object are relevant to this problem.
Next, we turn to Chen spaces ( [1] ). Since our construction of a model structure ( [19] ) applies to the category Ch of Chen spaces as well (Theorem 6.3), we have a result analogous to Theorem 1.1 (Theorem 6.4). Further, we establish the direct Quillen equivalence between Ch and D via the adjoint pair S o : Ch ⇄ D : Ch ♯ introduced by Stacey [27] . In Section 2, we recall the basic notions and results from [19] . In Section 3, we develope the singular homology theory for diffeological spaces. In Section 4, we prove Theorem 1.1 using the results of Section 3 (see Remark 2.15) . In Section 5, we discuss diffeological spaces having the D-homotopy type of a cofibrant object. In Section 6, we endow the category Ch with a model structure and prove Theorem 1.2.
2 Compactly generated model structure on the category D
We make a review on the construction of a compactly generated model structure on the category D. Then, we observe that the adjoint pairs | | D : S ⇄ D : S D and· : D ⇄ C 0 : R are Quillen pairs. Let us begin with the definition of a diffeological space. A parametrization of a set X is a (set-theoretic) map p : U −→ X, where U is an open subset of R n for some n.
Definition 2.1.
(1) A diffeological space is a set X together with a specified set D X of parametrizations of X satisfying the following conditions:
(i) (Covering) Every constant parametrization p : U −→ X is in D X .
(ii) (Locality) Let p : U −→ X be a parametrization such that there exists an open cover
(iii) (Smooth compatibility) Let p : U −→ X be in D X . Then, for every n ≥ 0, every open set V of R n and every smooth map
The set D X is called the diffeology of X, and its elements are called plots. X −→ Y be a (set-theoretic) map. We say that f is smooth if for any
Then, diffeological spaces and smooth maps form the category D.
The category D of diffeological spaces has the obvious underlying set functor. See [10, pp. 230-233] for initial and final structures, and initial and final morphisms with respect to the underlying set functor.
The convenient properties of D are summarized as the following proposition.
Proposition 2.2. (1)
The category D has initial and final structures with respect to the underlying set functor. In particular, D is complete and cocomplete. Further, the class of D-embeddings (i.e., injective initial morphisms) is closed under pushouts and transfinite composites.
(2) The category D is cartesian closed.
(3) The underlying set functor D −→ Set is factored as the underlying topological space functor · : D −→ C 0 followed by the underlying set functor C 0 −→ Set, where C 0 denotes the category of arc-generated spaces. Further, the functor · : D −→ C 0 has a right adjoint R : For Part 3 of Proposition 2.2, recall that the underlying topological spacẽ A of a diffeological space A = (A, D A ) is defined to be the set A endowed with the final topology for D A and that R assigns to an arc-generated space X to the set X endowed with the diffeology D RX = {continuous parametrizations of X}.
It is obvious that·
The principal part of our construction of a model structure on D is the construction of good diffeologies on the sets
which enables us to define weak equivalences, fibrations, and cofibrations and to verify the model axioms (see Definition 2.6 and Theorem 2.8). The required properties of the diffeologies on ∆ p (p ≥ 0) are expressed in the following four axioms: Axiom 1. The underlying topological space of ∆ p is the topological standard p-simplex for p ≥ 0.
Recall that f : ∆ p −→ ∆ q is an affine map if f preserves convex combinations.
Axiom 2. Any affine map f : ∆ p −→ ∆ q is smooth.
Let S denote the category of simplicial sets. For K ∈ S, the simplex category ∆ ↓ K is defined to be the full subcategory of the overcategory S ↓ K consisting of maps σ :
, and note that the colimit colim ∆↓K ∆[n] is naturally isomorphic to K ( [12, p. 7] ). Using Axiom 2, we can define the realization functor
. Then the canonical smooth injection
The notion of a deformation retract in D is defined in the same manner as in the category of topological spaces by using the unit interval I = [0, 1] endowed with a diffeology via the canonical bijection with ∆ 1 ([19, Section 2.4]). The k th horn of ∆ p is a diffeological subspace of ∆ p defined by
For a subset A of the affine p-space 
Suppose that the diffeologies on ∆ k (k < p) are defined. We define the map Define the sets I and J of morphisms of D by
(1) The following conditions are equivalent:
(iii) f has the right lifting property with respect to J .
(2) The following conditions are equivalent:
(i) f : X −→ Y is both a fibration and a weak equivalence;
is both a fibration and weak equivalence;
(iii) f has the right lifting property with respect to the I.
Proof. [19, Lemma 9.3] .
Using these results, the following theorem, which is the main result of [19] , is obtained. Theorem 2.9. Let (X, x) be a pointed diffeological space. Then, there exists a natural bijection
that is an isomorphism of groups for p > 0.
From Theorem 2.9, we see that weak equivalences are just smooth maps inducing isomorphisms on smooth homotopy groups.
For the proof of Theorem 1.1, we also need the following lemma.
Lemma 2.10.
(1) Let f : ∆ r −→ ∆ p × I be an affine map (i.e., a map preserving convex combinations). Then, f is smooth.
(2) The horn Λ p k , and hence, the standard p-simplex ∆ p is constractible in D.
sub is smooth, which restricts to the diffemorphism id : 3 Singular homology of a diffeological space.
In this section, we introduce the singular homology of a diffeological space and establish the results used in the proof of Theorem 1.1.
Let us begin by recalling the homology groups of a simplicial set. For a category C, sC denotes the category of simplicial objects in C (cf. [21, Section 2]). Let Z-mod denote the category of Z-modules, and let Kom ≥0 (Zmod) denote the category of non-negatively graded chain complexes of Z-modules.
The free Z-module functor Z· : Set −→ Z-mod extends to the functor Z· : S = sSet −→ sZ-mod. The composite
is also denoted by Z·, where the functor sZ-mod −→ Kom ≥0 (Z-mod) is defined by assigning to a simplicial Z-module M the chain complex
The homology of a simplicial pair (K, φ) is usually referred to as the homology of a simplicial set K, written H * (K).
A diffeological pair (X, A) consists of a diffelogical space X and a diffeological subspace A of X. Define the singular homology
The singular homology of a diffeological pair (X, φ) is usually referred to as the singular homology of a diffeological space X, written H * (X). We show that the singular homology for diffeological pairs has the following desirable properties. 
(4) (Dimension) Let * be a terminal object of D. Then
Proof. Parts 1, 4, and 5 are easily verified. For the proof of Parts 2 and 3, we note that ZS D X is a chain subcomplex of ZS X (Lemma 2.5(3)), and verify that the relevant chain map and chain homotopies on ZS X restricts to ones on ZS D X. The Mayer-Vietoris exact sequence and the homology exact sequence of a triple are also deduced from Proposition 3.1 via the usual arguments (cf. [26, p. 37]); these exact sequences can be also derived from the consideration of the singular chain complexes.
For a Z-module M and n ≥ 0, let M [n] denote the graded module with
Proof. Define the reduced homology H * (X) of a diffeological space X in the same manner as the reduced homology of a topological space (cf. [26, p. 38] ). Since∆ p is contractible in D (Lemma 2.10(3)), we have only to show that Lemma 3.4. Let K be a simplicial set. Then, the realization |K| D is a CWcomplex in D having one n-cell for each non-degenerate n-simplex of K.
Proof. Let K n denote the n-skeleton of K. Then, K is the colimit of the sequence
and the pushout diagram For a CW -complex X in D, define the cellular chain complex (C(X), ∂ C ) by
∂ C =the connecting homomorphism coming from the homology exact sequence of the triple (X n , X n−1 , X n−2 ). (1) The n th component C n (X) is a free Z-module on {n-cells of X}.
(2) H * C(X) is isomorphic to H * (X).
Proof. Express X as in Definition 3.3, and let b λ denote the barycenter of ∆ n λ . The point of X n corresponding to b λ is also denoted by b λ . From Lemma 2.10(4) and [19, Lemma 6 .3(2) and 7.2], we observe that 
is an adjoint pair (Lemma 2.5(1)), we have the natural
With the help of Lemma 3.5, we can show that i K * is an ismorphism by an argument similar to that in the proof of Proposition 16.2(i) in [21] .
We have proven all the results on the singular homology and the realization of a simplicial set which are used in the proof of Theorem 1.1(1). The following are additional remarks.
Remark 3.7.
(1) Let π be an abelian group. For a diffeological pair (X, A), the singular homology H * (X, A; π) with coefficients in π is defined by
Then, Proposition 3.1 generalizes to the case of a general coefficient group π (see [2, p. 183] and the proof of Proposition 3.1). For a diffeological pair (X, A), the singular cohomology H * (X, A; π) with coefficients in π is defined by
which has desirable properties analogons to Proposition 3.1 (see [2, pp. 285-286] and the proof of Proposition 3.1).
(2) The universal coefficient theorems obviously hold for the singular homology and cohomology of diffeological spaces (cf. [2, pp. 281-285]). Since the Eilenberg-Zilber theorem holds for simplicial sets ([21, Corollary 29.6]), the Kunneth theorems hold for the singular homology and cohomology of diffeological spaces, and hence, the cross products on homology and cohomology, and the cup product on cohomology are defined and satisfy the same formulas as those in the topological case. 
Proof of Part 1 of Theorem 1.1
We can reduce the proof of Theorem 1. 
is a pair of Quillen equivalences.
(ii) For K ∈ S and X ∈ D, the natural maps
are weak equivalences in S and D respectively.
(iii) For K ∈ S, the natural map
Proof. Note that every object of S is cofibrant and that every object of D is fibrant. Then the implications (i) =⇒ (ii) =⇒ (iii) are obvious. (iii) =⇒ (i) Let X be a diffeological space. For a map f :
where fˆ: |K| D −→ X is the left adjunct of f : K −→ S D X. Since i K is a weak equivalence, we have the equivalences f is a weak equivalence ⇔ S D fˆis a weak equivalence ⇔ fˆis a weak equivalence, which shows that (| | D , S D ) is a pair of Quillen equivalences.
Thus, we have only to show that for K ∈ S, the natural map 
Then, the implications (i) =⇒ (ii) =⇒ (iii) hold.
Proof. Since every object of S is cofibrant, the implication (i) =⇒ (ii) holds by Lemma 2.13 and [15, Corollary 7.7.2]. The implication (ii) =⇒ (iii) is immediate from the definition of a weak equivalence in D.
For a connected simplicial set K, consider weak equivalences in S Consider the morphism between homotopy exact sequences induced by the morphism of coverings
For the proof of Theorem 1.1(1), we then have only to show that for a 1- 
Proof of Part 2 of Thorem 1.1
In this subsection, we prove Part 2 of Theorem 1.1. We need the following lemma.
For a model category M, M c and M f denote the full subcategories of M consisting of cofibrant objects and fibrant objects, respectively. Proof. Let X be a cofibrant object of B and U a fibrant object of C. Let f : X −→ RU be a morphism of B. Then we show that f : X −→ RU is a weak equivalence if and only if the left adjunct fˆ: LX −→ U is a weak equivalence.
Step 1: The case of X = F A with A ∈ A. Since (F, G) is a pair of Quillen equivalences, f : F A −→ RU is a weak equivalence if and only if the right adjunct fˇ: A −→ GRU is a weak equivalence. Since (LF, GR) is a pair of Quillen equivalences, fˇ: A −→ GRU is a weak equivalence if and only if fˆ: LF A −→ U is a weak equivalence.
Step 2: The case of a general cofibrant object X.
Set A = GX. Then the canonical map p X : F A −→ X, which is the left adjunct of 1 GX : A = GX −→ GX, is a weak equivalence between cofibrant objects in B, and hence, Lp X : LF A −→ LX is a weak equivalence by [ Proof of Theorem 1.1 (2) . Recall that S c = S and that D f = D (Theorem 2.8). From Lemmas 2.13, 2.5(2), and 2.14, and Theorem 1.1(1), we obtain the result via Lemma 4.5.
Diffeological spaces having the D-homotopy type of a cofibrant object
Using the unit interval I ( ∼ = ∆ 1 ), the D-homotopy type (or smooth homotopy type) of a diffeological space is defined in the obvious manner (see [19, Section 2.4] ). In this section, we study diffeological spaces having the D-homotopy type of a cofibrant object, and give various diffeological spaces that do not have the D-homotopy type of a cofibrant object.
We define the subclass W C 0 of C 0 by W C 0 = {X ∈ C 0 | X has the homotopy type of a cofibrant arc-generated space}.
Note that W C 0 = W ∩ C 0 , where W denote the class of topological spaces having the homotopy type of a CW -complex; the class W was introduced and intensively studied by Milnor [24] . Similarly, we define the subclass W D of D by W D = {A ∈ D | A has the D-homotopy type of a cofibrant diffeological space}.
We also define the subclass V D of D by
The following conditions are equivalent:
(ii) The inclusion S D A ֒−→ S A is a weak equivalence in S;
is an isomorphism for any a ∈ A and any p ≥ 0.
Proof. (2) We prove the result in two steps.
Step 1: The case where A is cofibrant. Since · : D ⇄ C 0 : R is a pair of Quillen equivalences (Theorem 1.1) and C 0 f = C 0 holds, id : A −→ R A is a weak equivalence in D.
Step 2 (ii) ⇐⇒ (iii) Recall that S D A and S A are Kan complexes (Theorem 2.8 and Remark 2.12). Since there are natural isomorphisms
(Theorem 2.9), the equivalence (ii) ⇐⇒ (iii) is obvious (see, for example, [18, Section 3]).
We give three types of diffeological spaces which does not have the Dhomotopy type of a cofibrant object.
Lemma 5.2. Let X be an arc-generated space in W C 0 which is compact. Then, π 1 (X) and H 1 (X) are finitely generated. Further, if X is 1-connected, then π i (X) and H i (X) are finitely generated for any i > 0.
Proof. Since X ∈ W C 0 , there exist a CW -complex Z and a homotopy commu-
Since X is compact, we choose a finite subcomplex Z 0 of Z such that the diagram above restricts to the homotopy commutative diagram in C
Thus, we have the commutative diagram in the category of groups
with π 1 (Z 0 ) finitely generated, which shows that π 1 (X), and hence H 1 (X) is finitely generated. If X is 1-connected, we may assume that Z is a CW -complex whose 1-skeleton is a singleton ([22, pp. 74-75] ). Since Z 0 is a 1-connected finite complex, we thus see that π i (Z 0 ) and H i (Z 0 ) are finitely generated ([23, Theorem 4.5.2]), and hence that π i (X) and H i (X) are also finitely generated.
Example 5.3. The n-dimensional Hawaiian earring A n is defined to be the diffeological subspace of
(1) A n does not have the D-homotopy type of a cofibrant object.
(2) The natural homomorphism
is not surjective.
Proof.
(1) By the argument of [5, Example 3.12] (see also [20, p. 18] ), we see that the underlying topology of A n is just the sub-topology of R n+1 and that A n is homomorphic to the topological subspace of
Thus, the result follows from [7] , [8] , Lemma 5.2, and Proposition 5.1(1).
(2) We can prove the result by an argument similar to that in [5, Example 3.12] .
A diffeological space A is called arcwise connected if π For an irrational number θ, the irrational torus T 2 θ of slope θ is defined to be the quotient diffeological group T 2 /R θ , where T 2 = R 2 /Z 2 is the usual 2-torus and R θ is the image of the injective homomorphism R −→ T 2 sending x to [x, θx]. Lemma 5.7. Let X be an arc-generated space and K a simplicial set. Then, any smooth map f : RX −→ |K| D is locally constant.
Proof. We may assume that X is arcwise connected. Suppose that there exists a nonconstant smooth map f : RX −→ |K| D . Then, we choose x 0 , x 1 ∈ X and a continuous curve d : R −→ X satisfying the following conditions:
By the construction, the composite
Let us use the presentation of the CW -complex |K| D in the proof of Lemma 3.4. Setting
we obtain the nonconstant smooth map Example 5.8. Let X be an arc-generated space.
(1) RX is in V D .
(2) RX has the D-homotopy type of a cofibrant object if and only if X has the homotopy type of a discrete set. In particular, if X is arcwise connected but not contractible, then RX does not have the D-homotopy type of a cofibrant object.
Proof. 
From Examples 5.3, 5.5, and 5.8, we see that all the inclusions in the above diagram are genuine. One of the most important problems in the homotopical algebra of diffeological spaces is the following: Problem 5.9. Find a sufficient large class of C ∞ -manifolds (in the sense of Frölicher-Kriegl) having the D-homotopy type of a cofibrant object.
We address this problem in the forthcoming paper.
Chen spaces and diffeological spaces
In this section, we construct a model structure on the category Ch of Chen spaces and prove Theorem 1.2. We begin by recalling the definition of a Chen space.
In this section, a convex set means a convex subset of R n with nonempty interior for some n, and a parametrization of a set X means a (set-theoretic) map p : C −→ X, where C is a convex set. See [1, p. 5793 ] for the precise definition of a smooth map between convex sets. Definition 6.1. (1) A Chen space is a set X together with a specified set Ch X of parametrizations of X satisfying the following conditions:
(ii) (Locality) Let p : C −→ X be a parametrization such that there exists an open cover {C i } of C consisting of convex sets and satisfying p| Ci ∈ Ch X . Then p is in Ch X (iii) (Smooth compatibility) Let p : C −→ X be in Ch X . Then, for every convex set C ′ and every smooth map F :
Elements of Ch X are called plots.
(2) Let X = (X, Ch X ) and Y = (Y, Ch Y ) be Chen spaces, and let f : X −→ Y be a (set-theoretic) map. We say that f is smooth if for any p ∈ Ch X , f • p ∈ Ch Y . Then, Chen spaces and smooth maps form the category Ch.
For a Chen space A = (A, Ch A ), the underlying topological space A is defined to be the set A endowed with the final topology for Ch A . Then, the category Ch shares the convenient properties (1)- (3) Using Lemma 6.2, we can define the standard p-simplices ∆ p in Ch, and verify Axioms 1-4 for ∆ p (see Section 2) in the same manner as in the case of D. Thus, we define the singular functor S Ch : Ch −→ S in an obvious manner, and then introduce a model structure on the category Ch in the following theorem. With these choices, Ch is a compactly generated model category whose object is always fibrant.
Proof. Since the proof of Theorem 2.8 is constructed using only properties (1)-(3) of the category D and Axioms 1-4 for the standard simplices (see [19] ), it applies to the case of the category Ch as well.
If we define the smooth homotopy groups π Ch p (X, x) of a pointed Chen space (X, x) in the same manner as in the diffeological case ([5, Section 3.1] or [17, Chapter 5] ), the result analogous to Theorem 2.9 also holds.
By the same arguments as those in the proof of Theorem 1.1, we have the following result. (2)· : Ch ⇄ C 0 : R is a pair of Quillen equivalences.
Let us recall the adjoint pair between the categories Ch amd D introduced by Stacey [27] (see also [1] ).
To distinguish the two notions of a parametrization, we call parametrizations defined in Sections 2 and 6 open-parametrizations and convex-parametrizations respectively.
The functor S o : Ch −→ D is defined to assign to a Chen space A = (A, Ch A ) the set A endowed with the diffeology Noticing that S o preserves products and unit intervals (Lemma 6.5), we see that if A ∈ W Ch , then S o A is in W D .
